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Examples of vortex filaments









➢ Biot-Savart relation 

➢ Kelvin’s Theorem for an ideal fluid (ν = 0) 
“The circulation of any closed material 
  line is conserved during its motion” 

↳ Theorems and laws of Lagrange and Helmholtz 

↳ summary:  In an ideal fluid, the circulation of each fluid element is  
                        constant in time and advected by the velocity field 

Laws and theorems

0=
Γ
Dt
D



Vortices

•  circulation  Γ
•  core radius  a 

•  Reynolds number  Re = Γ / ν
a

ωmax

vorticity

• local concentration of vorticity 
• (fairly) axisymmetric 
• tube-like structure

Γ
2a



Velocity profiles for various vortex models

Gerz et al. (2002)



Vortex filaments

Γ

S

S → 0 
Γ = const.

Evolution of filament shape: 

- calculate 
- using Biot-Savart
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Problem: 
- singularity for    

2a
Solution: 
- reconsider finite core size  a 
- a « Ro ,  a « L 

Vortex filaments



Local Induction Approximation

Vortex filament evolution
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Local Induction Approximation

Vortex filament evolution

Γ

2a

x2 = O(L)-x2 -x1 x1 = O(a)

x

y

∣x∣ < x1 : no filament 
∣x∣ < x2 : center line y~x2
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Local Induction Approximation
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Vortex filament evolution
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Local Induction Approximation

2a

Vortex filament evolution
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Vortex ring

Examples

2R

2a

Γ

L = R

L.I.A.:

Exact (Kelvin 1867): +75% for a/R = 0.1



Sinusoidal filament

Examples

L = 1/k = λ/2π

σ = −
Γ
4π

k2 ln(ka)L.I.A.:

σ = −
Γ
4π

k2 [ln(ka)− ln2+C+ 1
4
]Exact:

Γ

σ



Helical vortex

Examples

Local-Induction  
Approximation



Helical vortex

Examples

Exact calculation: 

Non-zero tangential 
velocity



Helical vortex

Examples

“Motion” of the   
 helical filament
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Cut-off method 
- include non-local effects

Vortex filament evolution
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Cut-off method 
- include non-local effects

Vortex filament evolution

Which δ?

δ = (a/2) exp(1/4)

[   
  ]

2δ

for a Rankine vortex
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Vortex filament evolution

Which µ?

µ = a exp(-3/4)
for a Rankine vortex

Alternative to cut-off method



Crow instability of a counter-rotating vortex pair (Crow 1970)

Examples



Pairing instability of a helical vortex

Examples



Takeaways

➡  Vortices (vortex filaments) are transported with the flow

➡  Vortices ‘generate’ a flow

➡  Curved filaments possess a self-induced velocity

➡  Description of evolution by desingularized 1-D Biot-Savart relation

‣ Local-Induction Approximation: 
motion in bi-normal direction (⊥ to plane of curvature) 

‣ In general: 
motion in tangential direction possible
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End of Lecture 3


